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IDEAL CLASSES OF THREE DIMENSIONAL SKLYANIN 

ALGEBRAS 

KOEN DE NAEGHEL AND MICHEL VAN DEN BERGH 


Abstract. In this paper we classify graded reflexive ideals, up to isomorphism 
and shift, in certain three dimensional Artin-Schelter regular algebras. This 
classification is similar to the classification of right ideals in the first Weyl 
algebra, a problem that was completely settled recently. The situation we 
consider is substantially more complicated however. 
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1. Introduction 

This paper is motivated by the recent developments on the classification of right 
ideals in the first Weyl algebra. We start by recalling the (for now) definite result 
in this subject, as it was formulated by Berest and Wilson. 

Theorem 1.1. [H] Let Ai = C(x,y)/(yx — xy — 1) be the first Weyl algebra. Put 
G = Aut(Ai) and let 7Z be the set of isomorphism classes of right Ai-ideals. Then 
the orbits of the natural G-action on 1Z are indexed byN, and the orbit corresponding 
to n G N is in natural bijection with the n ’th Calogero-Moser space 

(1.1) C n = {X, Y G M n { C) | rk (YX - XY - id) = 1}/ G1„(C) 

where Gl n (C) acts by simultaneous conjugation on (X, Y). 

The fact 1Z/G = N has also been proved by Kouakou in his (unpublished) PhD- 
tliesis [T£j . 

The first proof of Theorem o used the fact that there is a description of 7 Z 
in terms of the adelic Grassmanian (due to Cannings and Holland E3). Using 
methods from integrable systems, Wilson established a relation between the adelic 
Grassmanian and the Calogero-Moser spaces Em¬ 
in [7| Berest and Wilson gave a new proof of Theorem ll.ll using noncommutative 
algebraic geometry HUM! ( some of the original proofs in [7] were slightly simplified 
by the second author). See also mm- That an approach based on noncommutative 
geometry should be possible was in fact anticipated very early by Le Bruyn who in 
j2J2 already came very close to proving Theorem ll.il 

Let us briefly indicate how the methods of noncommutative algebraic geometry 
may be used to prove Theorem D We introduce the homogenized Weyl alge¬ 
bra H = k(x,y, z)/(zx — xz,zy — yz,yx — xy — z 2 ) and then we consider A\ as 
the coordinate ring of an open affine part of a noncommutative space Pq, with 
“homogeneous coordinate ring” H (see below for more precise definitions). The 
problem of describing 7 Z then becomes equivalent to describing certain objects on 
the “noncommutative projective plane” Pq. Objects on Pq have finite dimensional 
cohomology groups and these may be used to define moduli spaces, just as in the 
ordinary commutative case. 

The current paper starts from the observation that there are many more non¬ 
commutative projective planes than just the one associated to the Weyl algebra 
(this is in fact a fairly degenerate one) mm- So below we let Pq be a so-called 
“elliptic” quantum projective plane. By definition P^ is noncommutative projective 
scheme which has as homogeneous coordinate ring a graded ring A with generators 
x , y, z (in degree one) satisfying the relations 

{ ayz + bzy + cx 2 = 0 
azx + bxz -f cy 2 = 0 
axy + byx + cz 2 = 0 

where a,b,c are generic scalars (see below). 

Such a Pq is called an elliptic quantum plane because there is an inclusion (in 
a noncommutative geometry sense) E c —> Pq where E is a smooth (commutative) 
elliptic curve. 

We let 1Z be the set of reflexive graded H-ideals, considered up to isomorphism 
and shift of grading. We may think of the elements of 1Z as line bundles on Pq. In 
this paper we prove the following result (see Theorem 15.5.51 belowV 
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Theorem 1.2. There exist smooth affine varieties D n of dimension 2 n such that 
1Z is naturally in bijection with Y[ n D n . 

We would like to think of the D n as elliptic Calogero-Moser spaces. We show 
below that Do is a point and D\ is the complement of E under a natural embedding 
inP 2 . 

Rem.ark 1.3. In fact D n is connected, which we will prove in a subsequent paper 

ca 

Remark 1.4. A theorem similar to Theorem II.21 has been announced by |23J. They 
work in a more general setting where the associated automorphism a of E may 
have finite order. 

The reader will notice that Theorem o is weaker than Theorem o but this 
is probably unavoidable. Although we have a fairly succinct description of the 
varieties D n (see 15.911 below) it is not as explicit as ED- And very likely D n can 
also not be viewed in a natural way as the orbit of a group. 

Our proof of Theorem ll.2l is similar in spirit to the proof of Theorem ll.il However 
it is substantially more involved. The reason for this is that the proofs for the Weyl 
algebra rely heavily on the fact that El contains a central element in degree one 
(namely z) and the lowest central element in A has degree three. 

We also have a result which explicitly describes the elements of TZ. Recall that 
a line module over A is a graded A-module of the form A/uA with u € A\ — {0}. 
The following theorem can be deduced easily from Theorem I5.fi.til below. 

Theorem 1.5. Let I £ TZ. Then there exists an m & N together with a monomor¬ 
phism I(—m) A such that there exists a filtration of reflexive graded A-ideals 
A = Mo A Mi A ••• A M u = I(—m) with the property that the Mj,/Mi+\ are 
shifted line modules, up to finite length modules. 

It seems plausible that this result may be used to obtain an analogue of the 
Cannings-Holland classification of ideals in the Weyl algebra (see ied but we have 
not sorted out the details. We hope to come back on this in a subsequent paper. 


2. Preliminaries 

Throughout we work over an algebraically closed field k of characteristic zero. In 
this section we recall some basic notions of noncommutative projective geometry. 
These are collected from [Tl l351l5fll 137112S1I33| . We use the following convention: 

Convention 2.1. //XyUvw(---) denotes an abelian category then xyuvw(---) 
denotes the full subcategory of XyUvw(- • •) consisting of noetherian objects. 

To simplify the notations we often use implicitly the following result 

Lemma 2.2. Assume that C is a locally noetherian category and Cf is the full 
subcategory of C consisting of noetherian objects. Then the natural map D b (Cf) —> 
D b Cf (C) is an equivalence of categories. 

Proof. This follows for example from the dual of |17l 1.7.11]. □ 
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2.1. Graded algebras and modules. Let A = ®igzAi be a Z-graded algebra. If 
Aj = 0 for all* < 0 we say that A is positively graded , and if in addition Aq = k we 
say that A is connected. Any graded connected Noetherian fc-algebra A is locally 
finite , i.e. dim*, Ai < oo, for all igZ. 

We write GrMod(A) for the category of graded right A-modules with morphisms 
the A-module homomorphisms of degree zero. Let M be a graded right A-module. 
We use the notation (for all n £ Z) M> n = ® d>n Md and M<„ = ® d < n Md- 

We say that M is left (resp. right) bounded if M< n = 0 (resp. M> n = 0) for 
some n £ Z. For any integer n, define M(n) as the graded A-module that is equal 
to M with its original A action, but which is graded by M(n)» = M n+i . We refer 
to the functor M > M ( n ) as the n-th shift functor. 

Since GrMod(A) is an abelian category with enough injective objects we may 
define the functors Ext^(M, —) on GrMod(A) as the right derived functors of 
Hom^M, —). It is convenient to write (for n > 0) 

Ext n A {M,N) := 0Ext n A (M,N(d))-, 

dez 

whence Ext " (M. — ) are the right derived functors of Ext ° ( M , —) := Horn A (M. — ), 
for n > 1. 

Finally, recall that a module M £ GrMod(A) is reflexive if M** = M where 
M* = Horn a(M, A) is the graded dual of M. 

2.2. Tails. Let A be a Noetherian connected graded fc-algebra. We denote by r 
the functor that sends a graded right A-module to the the sum of all its finite 
dimensional submodules. 

Denote by Tors(A) the full subcategory of GrMod(A) consisting of all modules 
such that tM = M and write Tails(A) for the quotient category 
GrMod(A)/Tors(A). We write 7r : GrMod(A) —> Tails(A) for the (exact) quo¬ 
tient functor. By localization theory m 7 r has a right adjoint which we denote by 
u>. It is well-known that 7r o u> = id. The object tv A in Tails(A) will be denoted by 
O and it is again easy to see that u> = Hom Tails (C), —). The objects in Tails(A) will 
be denoted by script letters, like M. 

The shift functor induces an automorphism sh : M. i—> A!(l) on Tails(A) which 
we also call the shift functor (in analogy with algebraic geometry it should perhaps 
be called the “twist” functor). 

When there is no possible confusion we write Horn instead of Hom^ and 
Homxaiis(A)- The context will make clear in which category we work. 

If A4 £ Tails(A) then Hom(AI, —) is left exact, so we may define its right derived 
functors Ext"( J M, —). We also use the notation 

Ext"(M,A0 :=0Ext n (MM(d)) 
de z 

and we set Horn fAL Af) = Ext °fAI. Af). 

Our Convention rm fixes the meaning of grmod(A), tors(A) and tails(A). It 
is easy to see that tors(A) consists of the finite dimensional graded A-modules. 
Furthermore tails(A) = grmod(A)/tors(A). 

If M is finitely generated and N is arbitrary we have 

(2.1) Ext"(AM. tvN) 2* lim Ext” (M> m . N). 
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If M and N are both finitely generated, then EU implies 

7 tM = 7 tN in tails(A) <t=> M>„ = 7V>„ in grmod(A) for some n 
explaining the word “tails”. 

For M G GrMod(A) there is an exact sequence (see [T], Proposition 7.2) 

(2.2) 0 ->tM ->M oj-kM -> limExt \{A/A> n ,M) -> 0. 

An object Ad € Tails (A) is said to be reflexive if M = 7rM for some reflexive 
M G GrMod(A). 

We say that A satisfies condition y if dim*, Ext-' (k, M) < oo for all j and all 
M G grmod(A). 

In case A satisfies condition y then for every M G grmod(A) the cokernel of the 
map M —> un:M in the exact sequence E3 is right bounded. In particular, for 
M G grmod(A) we have M>d = (unrM)>d for some d. 

Every graded quotient of a polynomial ring satisfies condition y and so do most 
noncommutative algebras of importance. The condition is essential to get a theory 
for noncommutative schemes which resembles the commutative theory. 

Proposition 2.2.1. jT| Let A be a right Noetherian connected k-algebra satisfying 
condition y. Then ExP (Ad, Af) is finite dimensional for all j and all 
M,J\f G tails(A). 

2.3. Serre duality. It was shown in EH! that under reasonable hypotheses the 
category tails(A) satisfies a classical form of Serre duality. However we will need a 
stronger form of Serre duality introduced by Bondal and Kapranov in m- Let A be 
a fc-linear Ext-finite triangulated category. By this we mean that for all Ad, A/" G A 
we have n dimfc Hom(Ad, A/"[n]) < oo. The category A is said to satisfy Bondal- 
Kapranov-Serre (BKS) duality if there is an auto-equivalence F : A —> A together 
with for all A, B G A natural isomorphisms 

Hom(A, B ) —> Hom(B, FA)' 

(where (—)' denotes the fc-dual). 

Let C be an abelian category. We say that C has finite global dimension if there 
exists an n such that Ext^(A, B) = 0 for all A, B G C and for all i > n. The 
minimal such n is called the global dimension of C. 

In this section we assume that A is a connected graded noetherian ring over a k. 
By (—)' we denote the functor on graded vector spaces which sends M to ® n Mf n . 
If we use notations which refer to the left structure of A then we adorn them with 
a superscript “o”. 

We make the following additional assumptions on A 

(1) A satisfies y and the functor r has finite cohomological dimension. 

(2) A satisfies y° and the functor r° has finite cohomological dimension. 

(3) tails (A) has finite global dimension. 

Note that if A has finite global dimension then so does tails(A) by 12.11) . 

Put R = Rt(A)'. According to m R is a complex of bimodules with finitely 
generated cohomology on the left and on the right, which in addition has finite 
injective dimension, also on the left and on the right. We now have the following 
result 
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Theorem 2.3.1. (Serre duality) The category Z? b (tails(A)) satisfies BKS-duality 
with Serre functor defined by 

F(irM) = 7 t(M ® i?)[—1] 

This result is certainly not unexpected but as far as we know a written proof 
does not exist in the literature. We prove a more general version of Theorem 12.3.II 
in Appendix f~Y1 

2.4. Projective schemes. We use the definition of Proj A (for a noncommuta- 
tive algebra A) suggested by Artin and Zhang (see jTJ). Let A be a Noetherian 
graded fc-algebra. We define the (polarized) projective scheme Proj A of A as the 
triple (tails(A), O, sh). In what follows we shall refer to the objects of tails(A) 
(resp. Tails(A)) as the coherent (resp. quasicoherent) sheaves on A' = Proj A, even 
when A is not commutative, and we shall use the notation coh(A) := tails(A), 
Qcoli(A) := Tails(A). By analogy we sometimes write Ox = O = 7rA. 

The following definitions agree with the classical ones for projective schemes. 

If A4 is be a quasicoherent sheaf on A' = Proj A, we define the cohomology groups 
of M by 

H n (X, M.) := Ext n (O x ,M). 

We refer to the graded right A-modules 

H n {X,M) :=0IT(A,A i(d)) 
de z 

as the full cohomology modules of A4. 

Finally, we mention the cohomological dimension of X 

cd X := maxjn G N | H n (X , —) ^ 0}. 

It is easy to prove that 

cd A = max(0, cdr — 1). 

2.5. The Grothendieck group, the Euler form and Hilbert series. In this 
subsection A will be a Noetherian connected graded fc-algebra with finite global 
(homological) dimension. We recall some basic tools. 

2.5.1. The Euler form. Let C be an Ext-finite /c-linear abelian category of finite 
global dimension. We define 

x(A,B) =^( —iy dim Ext^(A,B) 

i 

for A 1 B e C. It is clear that \ defines a bilinear form % : A'o(C) x A'o(C) —► Z which 
we call the Euler form for C. 

2.5.2. Hilbert series. The Hilbert series of M G grmod(A) is the Laurent power 
series 

+oo 

h M (t)= ^2 (dimfc Mi)tf G Z((t)). 

i=— oo 

This definition makes sense since A is right Noetherian. 

Let M G grmod(A). Given a resolution 
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we have 

r 

h M(t) = ^2 (-1 yh pi (t). 

i=0 

Since A is connected, left bounded graded right Amodules are projective if and 
only if they are free hence isomorphic to a sum of shifts of A. So if we write 

P i = ®A(-l ij ) 

3 =0 

we obtain the formula 

(2.3) qM(t) = h M {t)hA{t)~ x 

where qM(t) is the characteristic polynomial of M, it is defined by 

r Vi 

q M {t) = Y,(-i) l Y.t lii eZM" 1 ]. 

2=0 j— 0 

2.5.3. The Grothendieck group Kq(X) and the rank function Kq(X) —» Z. Set 
X = ProjA If M is a coherent sheaf on X, we denote by [M] its image in 
K 0 (X). 

The shift functor on coh(X) induces an automorphism of Kq(X). Following f22i . we 
view Kq(X) as a Z[t, f _1 ]-module with t acting as the shift functor 
sh -1 : M i—► A4(—l). Now K 0 (X) may be described in terms of the Hilbert 
series of A. 

Theorem 2.5.1 (E2), Theorem 2.3). Let A he a Noetherian connected graded k- 
algebra of finite global dimension. Set X = ProjH and let q = qk(t ). Then 

K 0 (X)^Z[t,t- 1 ]/(q) 

and for each M £ grmod(H), the isomorphism sends [nM] to the characteristic 
polynomial qM(t) of M: 

9 : [nM] q M (t) 

In particular, [0(n )] is sent to t~ n . 

Let us assume that A is a domain generated in degree one, so it has a graded 
division ring of fractions (graded version of Goldie’s Theorem; see |23 Ch. C, Cor. 
1.1.7]) 

Fract(H) := { ab~ 1 \ a, b G A homogeneous, b ^ 0}. 

The degree zero component k(X) of Fract(H) is a division algebra which is called 
the function field of X. Fract(H) is isomorphic to a skew Laurent extention 
k(X)[z, 2 -1 ; a] where z has degree one (see m, Chapter A, Corollary 1.4.3). 

The rank of a finitely graded right Amodule M is 

rk M = dim fe (x) (Af Fract(A)) 0 

This also defines an additive rank fuction on coh(A') and hence a homomorphism 
Kq(X) —> Z also denoted by “rk”. Obviously ikO = 1 and rkA4 = rkAf(l). 
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2.6. Artin-Schelter regular algebras. 


Definition 2.6.1. |T| A connected graded fc-algebra A is called an Artin-Schelter 
regular algebra of dimension d if it has the following properties: 

(i) A has finite global dimension d; 

(ii) A has polynomial growth, that is, there exists positive real numbers c, S 
such that dimfc A n < cn s for all positive integers n; 

(iii) A is Gorenstein, meaning there is an integer l such that 


Ext \{k A ,A) “ 


Ak(l) if i = d, 

0 otherwise. 


where l is called the Gorenstein parameter of A. 


If A is commutative, then the condition (i) already implies that A is isomorphic 
to a polynomial ring k[x\,... x n ] with some positive grading. If in this case the 
grading is standard then n = l. 

The Gorenstein property determines the full cohomology groups of O. 

Theorem 2.6.2. n Let A be a Noetherian Artin-Schelter regular algebra of di¬ 
mension d = n + 1, and let X = Proj A. Then cdX = n, and the full cohomology 
modules of O = 7 tA are given by 

(A if i = 0 

H\X,0)^< 0 ifi^ 0,n 

[ A'{1) if i = n 

Let A be an Artin-Schelter regular algebra as in the previous Theorem and put 
X = Proj A. It is easy to see that A satisfies the hypotheses for Theoreom 12.3.1 1 
In this case the Serre functor has a particularly simple form: indeed in pQ it is 
shown that R = ( R n+1 rA )' = A[n + 1] (— Z) as left A-modules and in J32J it is 
proved that RtA = Rt°A as complexes of bimodules. Thus we also have that 
R = A[n + 1](— l) as right A-modules. In other words R = A^n + 1](— l) where <f> 
is some graded automorphism of A. The automorphism M i—> M^ of GrMod(A) 
passes to an automorphism Tails(A) for which we also use the notation (—)^. 

We find the the following formula for the Serre functor on tails(A). 

FM = M<f,(-l)[n\ 

From this we easily obtain: 

Proposition 2.6.3. One has gldimtails(A) = gldimA — 1. 

Proof. As above put gldirn A = n + 1. The inequality gldimtails(A) < n follows 
directly from BKS-duality and the above discussion. The other inequality follows 
from Theorem 12. 6. 21 □ 


2.7. Dimension and multiplicity. Let A be a noetherian Artin-Schelter regular 
algebra. If 0 ^ M £ grmod(A) then the G elf and-Kirilov dimension GKdimM of 
M JI^ can be computed as the order of the pole of in 1 jj3] (in particular 

it is an integer). If GKdimM < n then we define e n (M) as lim t _>i(l — t) n hM(t)- 
Clearly e n is additive on short exact sequences of objects with GKdim < n. We 
have e„(M) > 0 and furthermore e„(M) = 0 if and only if GKdimM < n. If 
e„(M) > 0 then we put e(M) = e„(M) and we call this the multiplicity of M. If 
u = GKdim A and if A is a domain generated in degree one then it is easy to see 
that rkM = e u (M)/e u (A). 
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If M. = ttM ^ 0 then we put dim A! = GKdimM — 1 and e n {AA) = e n +i (M), 
e(M)=e(M). 

An object in grmod(A) or tails(A) is said to be pure if it contains no subobjects 
of strictly smaller dimension. It is critical if all non-trivial subobjects have the 
same multiplicity. It is easy to see that if M £ grmod(A) is pure or critical then so 
is 7 tM, and conversely if Ad € tails(A) is pure or critical then there exists a module 
M £ grmod(A) which has the corresponding property such that At = nM. 

2.8. Three dimensional Artin-Schelter regular algebras. There exists a com¬ 
plete classification for Artin-Schelter regular algebras of dimension three 

E|: 

Theorem 2.8.1. The Artin-Schelter regular algbras A of dimension three can be 
classified. They are all Noetherian domains with Hilbert series of a weighted poly¬ 
nomial ring k[x , y, z]. 

It is known that three dimensional Artin-Schelter regular algebras have all ex¬ 
pected nice homological properties. For example they are both left and right noe¬ 
therian domains. 

In this paper we restrict ourselves to Koszul three dimensional Artin-Schelter 
regular algebra. These have three generators and three defining relations in degree 
two. The minimal resolution of k has the form 

0 -> A(-3) -> A(-2) 3 -> A(-l) 3 -> A -> k A -> 0 

hence qk{t) = (1 — t) 3 and the Hilbert series of A is the same as that of the 
commutative polynomial algebra k[x,y,z] with standard grading. 

Such algebras are also referred to as quantum polynomial ring in three variables. 
The corresponding Proj A will be called a quantum projective plane and will be 
denoted by P 2 . 

So let A be a quantum polynomial ring in three variables. A linear module of 
dimension d over A is a cyclic A-module generated in degree zero with Hilbert series 
(1 — t)~ d . Linear modules of dimension one and two are respectively called point 
and line modules. The images of these objects in coh(P 2 ) will be called point and 
line objects respectively. Line and point modules are classified in Eiia 

Line modules are of the form A/uA = L with u £ A\. Hence line modules cor¬ 
respond naturally to lines in P 2 . To classify point modules we write the relations 
of A as fi = Set M = (mij)ij. We introduce auxiliary (commut¬ 

ing) variables xf ^ (for p £ Z) and for a monomial u = Xi 0 ■ ■ ■ Xi n we define the 
multilinearization of m as fh as . We extend this operation linearly to 

homogeneous polynomials in the variables (xf)i. 

Let r C P 2 x P 2 denote the locus of common zeros of the fi. It turns out that 
r is the graph of an automorphism a of E = pr 1 (r), the locus of zeros of the 
nmltihonrogenized polynomial det(M). If det(M) is not identically zero then E is 
a divisor of degree 3 in P 2 . We then say that A is elliptic. Otherwise, E is all of 
P 2 and we call A linear in this case. 

The connection between E and point modules is as follows: let P = ]T) ke u be 
a point module where e u £ P u . Put e u Xi = e u +iA) with A \ £ k. From the 
fact that eofi = 0 we deduce that ((A^)», (A- 1 ^)*) £ T and hence (A^)» £ E. This 
construction is reversible and defines a bijection between the closed points of E and 
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the point modules over A. If P q is the pointmodule corresponding to q £ E then 
we have P g (l)>o = Pap- 

Let j : E —> P 2 be the inclusion and put £ = j*Op 2 ( 1 ). Associated to 
the geometric data (E, a, C) is a so-called “twisted” homogeneous coordinate ring 
B = B(E 7 <7, £). This is a special case of a general construction in jTJ . See also 
(2j. Denote the auto-equivalence er*(— £) by — ( 8 > C a . For M £ Qcoh(A) put 

r*(M) = ® u T(E 7 M®{C a )® u ) and B = T*(Oe)- It is easy to see that B has a nat¬ 
ural ring structure and T*(Ad) is a right P-module. A straightforward verification 
shows 

r*(0,) = P q . 

In 0 it is shown that there is a surjective morphism p : A —> B of graded fc-algebras. 
Its kernel is trivial in the linear case and it is generated by a regular normalizing 
element g of degree three in the elliptic case. All point modules are P-modules. In 
other words: g annihilates all point modules. 

By analogy with the commutative case we may say that Proj A contains Proj B 
as a “closed” subscheme. Though the structure of Proj A is somewhat obscure, 
that of Proj B is well understood. 

Indeed it follows from P jdQ that the functor F* : Qcoh(P) —> GrMod(B) de¬ 
fines an equivalence Qcoh(P) = Tails(I3). The inverse of this equivalence and its 
composition with n : GrMod(P) —+ Tails(P) are both denoted by (—) 

For further properties of point modules and line modules over three dimensional 
quantum polynomial algebras we refer to 0E3 
We will frequently use the following result 

Lemma 2 . 8 . 2 . Assume that we are in the elliptic case. Let M £ grmod(A) be 
such that M/Mg £ tors A. Then GKdimM = 1. If a has infinite order then 
M £ tors(A). 

Proof. Multiplication induces an isomorphism M n = M n+ 3 for large n. Hence 
GKdim M = 1. Furthermore (M g ) 0 is a finite dimensional representation of (A g ) o- 
It is is shown in j5J that if a has infinite order then (A g ) 0 is a simple ring. In 
particular it has no finite dimensional representations. Thus (M g ) 0 = 0. This 
implies M £ tors (A). □ 

In the sequel it will be useful to cast the relationship between the noncommuta- 
tive graded ring A and the commutative scheme E into the language of noncommu- 
tative algebraic geometry exhibited in ESI ESI although we will use this language 
only in an intuitive way. Let X = Proj A, Y = Proj B. 

We define a map of noncommutative schemes i : E —> X by 

i*nM = (M igu BJ 
i*M = 7t(P*(AI)a) 

We will call i*(nM) the restriction of 7 tM to E. i * is clearly an exact functor. 
For the left derived functor of T we have: 

Lemma 2.8.3. If M £ Z?~(GrMod(A)) then Li*(nM) = (M ®a BJ 

Proof. One shows first that the objects irF where F is a finitely generated graded 
free A-module are acyclic for i* in the sense of Ei. Then the lemma follows by 
replacing M by a resolution of finitely generated free A-modules. □ 
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We easily obtain the following consequence: 

Lemma 2.8.4. Assume that we are in the elliptic case and let A4 G D _ (Qcoh(Pq)). 
Then there are short exact sequences: 

0 -> i*H j (M) -+ H j {Li*M) -> L 1 i*H :i+1 {M) -+ 0 

Proof. Take M G Z? _ (GrMod(A)) such that M. = ttM. We may assume that M 
is given by a right bounded complex of graded projective A-modules. The lemma 
now follows by applying 7r to the long exact homology sequence associate to the 
short exact sequence of complexes 

0 —> Mg —> M -> M/Mg -> 0 □ 

2.9. Three dimensional Sklyanin algebras. Below we are interested in Sklyanin 
algebras of dimension three which are elliptic Artin-Schelter regular algebras such 
that the corresponding elliptic curve E is smooth and the automorphism is a trans¬ 
lation. More specificly, we are interested in the algebras 

Ski 3 {a,b,c) = k{x,y,z}/(f 1 ,f 2 ,h) 
where fi,f 2 , fs, are the quadratic equations 

{ /1 = ayz + bzy + cx 2 
f 2 = azx + bxz + cy 2 
fz = axy + byx + cz 2 

and (a, b,c ) G P 2 \ F where 

F = {(a, 6, c) G P 2 abc = 0 or a 3 = b 3 = c 3 or (3a6c) 3 = (a 3 + b 3 + c 3 ) 3 }. 

The algebras Skl 3 (a, b 1 c) are elliptic quantum polynomial rings. They correspond 
to Artin-Schelter algebras of dimension three where, in the associated geometric 
data, if is a smooth elliptic curve and er is given by translation under the group 
law. We refer to j2j for the description of E and er. The regular normalizing element 
g of degree three turns out to be central in this case. 

Put A = Skl 3 (a, b : c). Combining the results in (22] with Theorem 12.3.1 1 we see 
that Serre duality for A takes a particularly simple form: 

Theorem 2.9.1. Let A4, Af G .Details(A)). Then there are natural isomorphisms 
Ext*(M,W) =Ext 2_i (A/',A4(-3))* 

Corollary 2.9.2. Let A4 G ii f, (tails(A)) and let V G tails(A) be a point object 
corresponding to p G E. Then 

ExfOP, M) “ Ext 

where V' is the point object corresponding to (T~ s p. 

3. Cohomology of rank one sheaves on a quantum projective plane 

In this section, A will be a quantum polynomial ring in three variables, and 
Pq = Proj A the associated quantum projective plane. As usual O = ttA. 

We say that a graded right A-module M ^ 0 is torsion if rkM = 0. M is called 
torsion-free if M contains no torsion submodule. This is the same as saying that 
M is pure three dimensional. We use the same terminology for objects in coh(Pq). 

The graded right ideals of A are, up to isomorphism, precisely the shifts of 
torsion-free rank one right A-modules. 
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A torsion-free rank one graded A-module I gives rise to a torsion-free coher¬ 
ent sheaf X = ttI on Pq of rank one. Conversely, every torsion-free X £ coh(Pq) 
determines a torsion-free rank one graded A-module toX. 

Any shift l of a torsion-free rank one graded A-module I gives rise to a torsion- 
free rank one coherent sheaf 1(7) = 7 tI(1) on Pq. Our first aim is to normalize this 
shift. 

We will use the following natural basis for K 0 (f‘ 2 q ). 

Proposition 3.1. Let P be a point module and S a line module over A. Denote 
the corresponding objects in coh(Pq) by V and S. 

Then {[0], [5], [P\\ is a Z-module basis of Kq(¥ 2 ), which does not depend on the 
particular choice of S and P, and the action of the shift functor on that basis is 

[0(1)] = [0] + [<S] + [P] 

(3.1) [5(1)] = [5] + [V] 

[P(l)] = [P] 

Proof. It follows from Theorem 17-5.11 that the class in A'o(Pq) of an object 7 xM 
depends only on the Hilbert series of M. Thus [5] and [V\ are indeed independent 
of the particular choice of S and P. 

Using a computation with Hilbert series we see that the images of [0], [5] and 
\P\ under the isomorphism 6 of Theorem l2.5.1l 

9: A 0 (P^)->Z[t,t- 1 ]/(l-t) 3 

are respectively 1, 1 — t, (1 —t) 2 . Furthermore the shift functor corresponds to 
multiplication by t _1 . This easily yields what we want. □ 

From now on, we fix such a Z-module basis {[0], [«S], [' P ]} of Ao(P^). For any 
coherent sheaf J on Pq we may write 

\J\ = r[0] + a[S\ + b[P] 

where r is the rank of J. 

It follows from that we have 

(3.2) = r[0} + (a + lr)[S] + (i 1(1 + 1 )r + la + b)[P] 
for all integers l. 

Proposition 3.2. (1) Let X be a coherent sheaf on P^ of rank one, and write 

\X\ = [0] + o[5] + b[P], Then there is an unique shift c (namely —a) and 
an integer n such that 

[X {c)\ = [0]-n[V}. 

Moreover, n = | a(a + 1) — b. 

(2) Let T be a coherent sheaf on Pq of rank zero, and write [T\ = m[5] + v[V]. 
Then u = e\(T). Ifu = 0, then v = eo(J-). 

Proof. For the first part, use lEHl) . The uniqueness is easy to see. 

For the second statement, take the image of [J 7 ] = «[<S]-H>[7 : ’] under the isomorphism 
6 of Theorem 12.5.11 Take F such that T = irF. We obtain 

q F (t) = uq L (t) + vq P {t) + f{f)q k {t) 
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for a suitable /(£) £ Z[f, t -1 ]. Multiplying both sides with /ia(£) = gfc(f) -1 yields 
(see (12.31) 1 

h F (t) = uh L (t) + vh P (t) + /(f) 

We find e-i(F) = lim t ^i(l — t) 2 h F (t) = u and if it = 0 then eflF) = 
lim t _ > i(l — t)h F {t) = v. □ 

We call the integer n appearing in Proposition l3.2l the “invariant” of X (or of the 
corresponding torsion-free rank one graded A-module I such that X = ttI). Note 
that two torsion-free rank one graded A-modules /, J have the same invariant if 
and only if dim^ X = dim^ J{d)i for i>0 and for a fixed integer d. 

We will call a torsion-free rank one coherent sheaf X on normalized if [I] = 
[O] — n\P] for an integer n. We will prove later that this n is actually positive. 

We will call a torsion-free reflexive rank one sheaf on P^ a line bundle. Our aim is 
to classify line bundles on P^ up to shift. By the above discussion this is equivalent 
to classifying normalized line bundles up to isomorphism. 

It is also easy to see that through the functors n and uj classifying line bundles up 
to shift is equivalent to classifying reflexive torsion-free rank one graded A-modules, 
also up to shift. 

We recall two elementary lemmas. 

Lemma 3.3. Let AA,Jf be torsion-free coherent sheaves on P^ of rank one. Then 
every nonzero morphism in Hom(AI,A/") is injective. 

Proof. AI and Af are critical of the same dimension. It is well-known that this 
implies that any map between them must be injective 0. □ 

Lemma 3.4. Let Ai € coh(Pq). Then Ad is reflexive if and only if Ai is torsion- 
free and Ext 1 (Jf, Ad) = 0 for all Af £ coh(Pq) of dimension zero. 

Proof. Assume that AI is a reflexive coherent sheaf on Pq. By EU we need to 
prove the corresponding statement for grmod(A). Thus assume that AI is a reflexive 
A-module and GKdim N < 1. Assume that there is a non-split exact sequence 

(3.3) ->7V-»0 

By 0 Theorem 4.1] one has Ext 1 (IV, A) = 0. Hence we obtain AI'* = AI* and thus 
M = AI** = AI'**. Thus the composition of M —> M' —> AI'** is an isomorphism, 
implying that the first map splits. This contradicts the non-triviality of the exten- 
tion (13.31) . 

For the other implication, let Ad £ coh(Pq) be torsion-free and Ext 1 (TV, Ad) = 0 
for all N £ coh(Pq) of dimension zero. AI = to Ai is pure and GKdim M = 3 
since Ad is pure two dimensional. By 3J Corollary 4.2] there is a canonical map 
p : M —> AI** and ker/i is the maximal submodule of AI which has GKdim < 3. 
Hence /i is injective, and we have an exact sequence 

(3.4) 0 —> M —>• AI** coker p -> 0 
where GKdim(coker p) < 1. Applying 7r on 13.411 yields 

(3.5) 0 -> Ad —> irM** -»AC -» 0 

where Af = 7r coker p. Now Af must be zero, otherwise dim Af = 0 and since 
Ext 1 (A/", AI) = 0 the sequence 13.5D would split, which is impossible because AI** 
is pure three dimensional. Hence AI = i rM = nAI** and thus AI is reflexive. □ 
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Now we can partially compute the cohomology of line bundles on Pq. This 
computation is similar to the one for the homogenized Weyl algebra in m ■ However 
the computations for the homogenized Weyl algebra rely on the existense of a central 
element in degree one. So they do not apply in a straightforward way to the case 
we consider. 

Theorem 3.5. Let A4 be a rank one torsion-free coherent sheaf on Pq where 
[M] = [O] — n[P]. Assume that M ^ O. Then 

(1) H°(P 2 M(l)) = 0 for Z < 0, 

H 2 (P 2 q ,M(l)) = 0forl> -2; 

(2) x(0, A4(l)) = \(l + 1 ){l + 2 ) — n for all l G Z; 

(3) dim k H'^M) = n-l 
dim k H 1 (¥ 2 q ,M(-l)) = n 
dim k H 1 (P 2 q ,M(-2)) = n 

(4) iP(P \,M) = 0 for j > 3. 

As a consequence, n is positive and nonzero. 

If M is a line bundle then we have in addition: H 2 (P q , A4(l)) = 0 for l = —3 
and dim*. H 1 ( Pq, M (—3)) = n — 1. 

Proof. That (P ql M.) = 0 for j > 3 is part of Theorem I2.fi.21 

To prove the rest of the current theorem we first let l < 0. Suppose / is a 
nonzero morphism in Horn (0,M(l)). By lemma PUTl f is injective and from the 
exact sequence 

(3.6) 0 —*■ O —> AA(l) —> coker / —> 0 

we get [coker/] = l[S] + (1(1 + l)/2 — n)[P}. Using Proposition 13.21 gives l > 0, 
thus l = 0 and [coker/] = —n\P]. Hence by the discussion in H2. 71 together with 
Proposition 13.21 we obtain dim coker/ = 0. By lemma HOI Ext 1 (coker /, O) = 0. 
This means that the exact sequence (TTiil splits hence A4 is not torsion-free. A 
contradiction. We conclude that Hom(0, M.(1)) = 0 for l < 0. 

Second, let l > —2. Serre duality (Theorem 12. Till yields 

Ext 2 (0,M(l))* “ Horn (M(l + 3), O). 

If g is a nonzero morphism in Hom(A4(Z + 3), O) then g is injective, and from the 
exact sequence 

(3.7) 0 -> M(l + 3) ->0^ coker 5 ^0 

we get [coker < 7 ] = w[<S] + v[P] where u = —(l + 3) and v = n — (l + 3 )(l + 4)/2. By 
Proposition 13. 21 u > 0 but l > — 2 implies u < 0. This yields a contradiction. 

Assume now l > — 3 and A4 reflexive. By the same reasoning as above we obtain 
l = — 3 and thus the dimension of u coker g is zero. By lemma mi it follows that 
(1X71) splits. But this contradicts the fact that O is torsion-free. 

For the second part we use Theorem ITOl to obtain 

X (0, 0(1)) = ^(l + l)(l + 2) for all l G Z 
and from Proposition IXD we deduce 

[5] = -[0(2)] + 3[O(l)]-2[O] 

[P] = (0(2)}-2[0(l)}+ [0\ 
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Combining these results yields x(0,S) = 1 and x(C ) ,'P) = 1. Now we use (Id.21) to 
obtain 

x(0,M(l)) = X (0,0) + l X (0 , S) + (hi{l + 1) - n) X (P, V) 

= 2 ■*" + 2 ) - n 

Finally, we combine the first two results of the theorem. If —2 < l < 0 (or 
—3 < l < 0 if A4 is reflexive) the first statement gives 

X(0,M(1)) = dim fc M(l )) - dim fc H\V 2 q ,M(l)) + dim fc H 2 (V 2 q , M(l)) 

= -dim k H 1 (F 2 ql M(l)) 

and comparing with the expression x(0,M(l)) = \{l + l)(l + 2 ) — n completes the 
proof. □ 

Using Theorem 13.51 the torsion-free rank one graded A-modules having invariant 
zero are easy to determine. 

Corollary 3.6. Let L be a torsion-free coherent sheaf of rank one on Pq with 
invariant n. Then 

n = 0 <t=> I = 0(d) 

for some integer d. 

Proof. If T = 0(d) then clearly n = 0. Assume conversely n = 0. We may assume 
that X is normalized. If 1^0 then by Theorem 13.51 n > 0. Since n = 0 we obtain 
X = O by contraposition. □ 

4. Restriction of coherent sheaves 

In this section, A will be a Sklyanin algebra Skl 3 (a, b,c) as defined in > 12 . 1)1 We 
recycle the notations of sections ESHEHl In particular the symbols 0 : E, <j, C , B , i 
have their usual meaning. 

Note that E is a smooth elliptic curve. We fix a grouplaw on E. Then cr is a 
translation by some element 

The dimension of objects in grmod(R) or tails(R) will be computed in grmod(A) 
or tails (A). The dimension of objects in coh (E) is the dimension of their support. 
There is a group homomorphism 

K 0 (F 2 q ) -> K 0 (E) : [M\ ^ \i*M] - [L^M] 
which as usual is also denoted by i*. 

Lemma 4.1. We have 
i*P] = [Oe] 

i*[5] = [O u ] + [O v \ + [O w \ u,v,w arbitrary but colinear 

i*[P] = [O p ] - [O pa - 3 ] p arbitrary 

Proof. This follows easily from lemma 12 .8. 31 □ 

According to m Ex II. 6.11] we have K 0 (E) = Z ® Pic(U). The projection 
Kq(E) —> Z is given by the rank and the projection Kq(E) —> Pic(U) is given the 
first Chern class. If £ is a vector bundle on E then ci(£) = A rkf £. We also have 
for q£ E: Ci(O q ) = 0 E {q)- 
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There is a homomorphism deg : Pic(E) —> Z which assigns to a line bundle its 
degree. For simplicity we will denote the composition deg o ci also by deg. If U is 
a line bundle then deg \U\ = deg U. If F £ coh(E) has finite length then deg[F] = 
length F fTol Ex. 6.12], From lemma H~ll we deduce that if [Ai] = a{0\ + b[S] + c[V] 
then 

(4.1) rki*[A4] = a = rk A4 

(4.2) degi*[AA] = 36 

Lemma 4.2. (1) If M £ grmod(-B) is pure two dimensional then M £ coh(E) 

is pure one dimensional. 

(2) If Af £ coh(E') is pure one dimensional then T*(Af) is pure two dimensional. 

Proof. The indecomposable objects in coh(£’) are vector bundles and finite length 
objects. Using Riemann-Roch it is easy to see that if 0 U £ coh(£’) then 
GKdimr*(£Y) = dim U + 1. From this we deduce that if V £ grmod(i?) is not 
in tors(.B) then GKdimU = dimU + 1. The lemma now easily follows. □ 

We deduce 

Proposition 4.3. (1) If A4 £ coh(Pq) is reflexive then i*A4 is a vector bundle 

on E and Lji*A4 = 0 for j > 0. 

(2) If M is a line bundle then so is i*A4. 

(3) If M. is a line bundle then M. is normalized if and only if degi*M = 0. 

(4) If AA is a normalized line bundle with invariant n then 

Cl (i*M) = O((o) - (3n£)) 

where “o ” is the origin for the group law. 

Proof. (1) We have M. = ttM where M is reflexive. In particular M is torsion- 
free. By lemma 12.8.31 it follows that Lji*A4 = 0 for j >0 and 
i*M = (. M/Mg).: 

If M/Mg contains a nonzero submodule N/Mg of GK-dimension < 1 
then N represents an element of Ext 1 (N/Mg, Mg) which must be zero by 
lemma EPI for rather its proof). Thus N/Mg C N C M. This is impossible 
since M is torsion-free. 

Hence M/Mg is pure of GK-dimension 2. By the previous lemma it 
follows that (M/MgJ is a vector bundle. 

(2) This follows from 14.111 . 

(3) This follows from 14.211 . 

(4) We have [M\ = [0]— n[V]. Bv lemma H.ll we obtain [i*M\ = [Oe] — n[O p ] + 

n[O pa - 3 ]. Hence = 0(n(p a 3 ) — n(p)). Now n(p a 3 ) — n(p) and 

(o) — (3n£) are both divisors of degree zero which have the same sum for 
the group law. Hence they are linearly equivalent by HI IV Thm 4.13B ]. 
This finishes the proof. □ 

Now we prove a converse of Proposition 14.31 

Proposition 4.4. Assume that a has infinite order and that M £ -D b (coh(Pq)) is 
such that Li*M is a vector bundle on E. Then AA is a reflexive object in coh(Pq). 
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Proof. It follows from lemma 12.8.41 that i*H^(M.) = 0 for j ^ 0. Then it follows 
from lemma, 12,8.21 that M £ coh(Pq) and L±i*A4 = 0, using lemma, 12,8.41 a,gain. 

Pick an object M in grmod(A) such that ttM = A4. We may assume that M con¬ 
tains no subobject in tors (.A). By lemma 12.8.41 we have L 1 i*A4 = ker(Af(—3) —^ 

MJ. Thus ker(M(—3) — M) £ tors(H). Since M contains no subobject in 
tors(A) it follows that M is g-torsion free. Furthermore by lemma , YfTR V A i* .Ml = 
T *((M/Mgj) is pure two dimensional. If T is the maximal submodule of M/Mg 
which is in tails(A) then since ( M/Mg)/T C T r ((M/MgJ) we obtain that 
(M/Mg)/T is pure two dimensional. 

We now claim that M is pure three dimensional. Let N be the maximal sub- 
module of M of dimension < 2. Then C = M/N is pure three dimensional and in 
particular g-torsion-free. Hence we have a short exact sequence 

0 -> N/Ng -> M/Mg -> C/Cg -> 0 

By the purity of ( M/Mg)/T it follows that N/Ng C T and hence N/Ng £ tails(A). 
It follows from lemma, 12.8.21 than N £ tails(H) and hence N = 0. This shows that 
M is pure. 

Put Q = M** /M. Thus we obtain an exact sequence 

0->Tor ?(Q,BJ-> (M BJ-> (AT* Bj-> (Q ® a BJ->0 

By [3] we have GKdimQ < 1. Thus we have GKdimTorj^Q, B) < GKdimQ < 1. 
So by the proof of lemma 14.21 dim Tor) 4 (Q, B)~ < 0. Since (M BJ is a vector- 
bundle by hypotheses it contains no finite dimensional subobjects and we obtain 
Torf (Q, B/ = 0. Thus Torf (Q, B) £ tors(A). Thus, in high degree, multiplication 
by g is an isomorphism on Q. But then by lemma, 12.8.21 O £ tors(H). Hence 
A4 = 7 tM = 7 tM** and thus M is reflexive. □ 

5. Elliptic quantumspaces 

5.1. Generalities. Let A be a Sklyanin algebra Skl 3 (a, 6, c). We use again our 
standard notations as in the previous section. 

We set £ = 0(2)® 0(1) ®0 and D = Honip 2 (£,£) = ©f J=0 Hom P 2(0(j), 0(j)) 
the algebra of endomorphisms of £. We consider the left exact functor Homp 2 (£, —) 
which takes coherent sheaves on P^ to right H-modules. 

Homp 2 (£, —) extends to a functor RHom P 2 (£, —) on bounded derived categories 


(5.1) RHomp 2 (£, -) : D b (coh(p2)) -> D b (mod(D)). 

This is done as follows: Qcolr(Pq) has enough injectives and this yields a func¬ 
tor RHom P 2 (£, —) : D b oh( p2 } (Qcoh(p2)) -> D b mod{D) (Mod(D)). Now coh(P^) and 
mod(D) are noetherian abelian categories and this yields equivalences 
D b (coh(p2)) * D b oh(P 2 )(Qcoh(Pq)) and B b (mod(D)) S D b mod{D) (Mod(D)) (lemma 
I2~21) . The functor o is obtained by composing with these equivalences. 

In a similar way as in [§) Theorem 6.2] one shows that RHomp 2 (£, —) is an 

l 

equivalence of derived categories. The inverse functor is given by — ®d £■ For a 
non-negative integer i the equivalence restricts to an equivalence between A) and 
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34 where Xi C coh(IPq) is the full subcategory with objects 

Xi = {M G coh(Pq) | Extj .2 (£, M) = 0 for j ± i } 
and 34 C mod(D) the full subcategory with objects 

34 = {M G mod(-D) | Torj 3 (M, 8 ) = 0 for j =4 i}. 

The inverse equivalences between these categories are given by Extp 2 (f, —) and 

Tor? (-,£)■ 

Let (A, R) be the quiver 


A '_ 2 X_i 



Z-2 Z -i 


with relations 

f aY- 2 Z-i + bZ- 2 Y -1 + cA_ 2 A_i = 0 
(5.3) ^ aZ_ 2 A_i + bX- 2 Z- r + cF_ 2 y_i = 0 

[ al_ 2 y_! + 6y_ 2 X_! + cF_ 2 Z_! = 0 

We write Mod(A) for the category of representations of the quiver A (represen¬ 
tations are always assumed to satisfy the relations 15.311 ). If i = —2, —1, 0 then we 
denote by Pi, Si respectively the projective representation and the simple represen¬ 
tation corresponding to i. 

It is easy to see that D = kA/(R). Since the category Mod(A) of representations 
of A is equivalent to the category of right fcA/(i?)-modules we deduce Mod(A) = 
Mod(D). 

Let JA G X\ and M = ExtJ ,2 By functoriality, multiplication by x, y, z G 

A induces linear maps M( A_i) : Ext 1 (0(l), M ) —> Ext 1 (C ) ,Af) and M(A_ 2 ) : 
Ext 1 (0(2), JYl ) —> Ext 1 (0(l), JA) (A = X, Y, Z). Hence M is determined by the 
following representation of A 

M(X_ 2 ) M(X_ i) 

H l {^\,M{-2)) M ^ ] H\¥l,M(-l)) M ^A l] H\P 2 q ,M) 

M(Z-a) M(Z—x) 


For further use we note that the Euler form \(Si,Sj) is given by the following 
matrix 



where i refers to the columns and j refers to the rows. 

Let A 0 be the full subquiver of A consisting of the vertices —2,—1 and let 
Res : Mod(A) —> Mod(A°) be the obvious restriction functor. Res has a left adjoint 
which we denote by Ind. If e is the sum of the vertices of A 0 then Ind = —C&kA 0 efcA. 
Note that Res o Ind = id. 

The following was already observed by Le Bruyn in the case of the homogenized 
Weyl algebra. 
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Lemma 5.1.1. If M. ^ O is a normalized line bundle on Pq and M = Ext 1 (f, M) 
then M = IndResM. 

Proof. This follows from an argument by Baer Corollary 7.2]. For the conve¬ 
nience of the reader we repeat this argument. 

We say that two objects A, B in an abelian category are orthogonal ( A _L B) if 
Hom(A, B) = Ext 1 {A, B ) = 0. 

We have RHom(£,.M) = M[— 1], RHom(£,0) = Sq. Thus Ext = 
Ext*(M[— 1], So) = Ext I+1 (M, So). In particular Hom(M, So) = 0 and 

Ext 1 (M, So) = Horn (M,0) = H 2 (P^, M{— 3))* = 0 where we have used Serre 
duality and Theorem ESI We conclude by lemma, 15.1.21 below. □ 

Lemma 5.1.2. Let M G mod A. Then M = IndResM if and only if M _L Sq. 

Proof. First assume M = Ind Res Al. Put M° = Res M and take a projective 
resolution 

0 —> Fj° —>• Fq 0 

Applying Ind we get a projective resolution of M of the form 

0 —> Sq -> Fi -> F 0 M -> 0 

for some a G N where Fi = IndF°. The fact that Hom(Fi, Sq) = Hom(F 0 , So) = 0 
(by adjointness) implies Hom(M, So) = 0 and Ext 1 (M, So) = 0. 

To prove the converse let N = Ind Res M. By adjointness we have a map p : N —> 
M whose kernel K and cokernel C are direct sums of Sq. We have Hom(M, So) = 0 
and hence Hom(C, Sq) = 0. Thus C = 0 and p is surjective. 

Applying Hom(—, So) to the short exact sequence 

and using Hom(A r . So) = 0 (by adjointness) yields Hom(A", So) = 0 and hence 
K = 0. Thus p is an isomorphism and we are done. □ 

Lemma 5.1.3. Let p = {a,/3, 7 ) G E and put (aj,/ 3 j, 7 i) = p a . p corresponds to a 
point module P of A. Put V = nP and P = ujV. 

(1) H l { Pq, V[n)) = 0 for all n and i > 0. In particular V G Xq. 

(2) dimP„ = 1 for all n and P> n is a shifted point module for all n. In 
particular P>q = P. 

(3) H°(Fl,P(n)) = P n . 

(4) The representation of A corresponding to V is 



OL — 2 


ot — l 

k 

P-2 

k 

1 ? 


7-2 


7-1 


(5) Denote the representation in the previous diagram also by p. We have 
p = IndResp. 

Proof. (1) Since the V{n) are all obtained from point modules, it suffices to 
treat the case n = 0. We use lemma rnoi and the discussion before 
that. We have V = i,O p and hence Ext \0,V) = Ext ^ E (Li*0,O p ) = 
Fxt J E (OE, O p ) = 0 for j > 0 . 

(2) This is easy to check. 
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(3) Use ui = Hom Tails (C>, -). 

(4) This follows from the previous step. 

(5) According to lemma 117.1. 21 we need Ext*(p, So) = 0 for i < 1 . This follows 
from the fact that we have Ext l (p, So) = Ext 1 (V, O) = 0 for i < 1 by lemma 

IQ □ 

To simplify the discussion below we define 7 Z n (for n > 1) as the category in 
which the objects are the normalized line bundles on with invariant n and the 
morphisms are the isomorphisms in coh(Pq). Thus lZ n is a groupoid. Note that we 
do not know yet if lZ n ^ 0. This question will be addressed below. 

5.2. lZ n is non-empty. To simplify things we assume that a has infinite order. 
The following result is necessary for the dimension computations in *15-51 

Lemma 5.2.1. The set lZ n is not empty. 

Proof. Let S be a line object on P^. Writing S as the cokernel of a map 0(— 1) —> O 
we find by Theorem I2.fi.21 that, if n > — 1 then H°( Pq,<S(n)) has dimension n + 1. 

By 0 there exist at most three line objects S' such that S'(— 1) is a subobject 
of S and furthermore these three line objects contain in turn any other object 
contained in S. 

Hence if n > 0 then we may pick an epimorphism / : O —> S{n) (a generic / will 
do). Put T = (ker/)(l). Using Proposition l3.il we find [X(—1)] = [0\ — ([<S] +n[P]) 
and hence [Z] = [O] — n\P\. It is easy to see that T is reflexive. Thus T £ lZ n . □ 

Below we will show that lZ n is parametrized by an algebraic variety of dimension 
2 n. The amount of freedom in the construction exhibited in the proof of lemma 
EO is less than or equal to 2(choice of S) + ^(choice of /) parameters, hence for 
n > 2 this construction can not possibly yield all elements of lZ n . In we will 
exhibit a related construction which works for all n. 

5.3. First description of lZ n . Let C n be the image of lZ n under the equivalence 
Aj =W. 

Theorem 5.3.1. Let n > 1 

(5.5) 
where 

C n = {M £ mod(A) | dim M = ( n , n, n — 1) and 

Horn a(M,p) = 0, Hoitia(p, M) = 0 for all p G E}. 

Proof. First, let M be an object of 1Z n . By Proposition 14.31 we have i*M. = 
Af for a line bundle A f of degree zero on E. Hence (for all p £ E) we have 
RHoms(Lz*A4, O p ) = k. Since 

RHom e{Li*M,O p ) = RHom P 2 (A4, i*O p ) 

we obtain RHom P 2 (At, V) = k where V = i*O p is the corresponding point object 
on Pq. Writing M = Ext P 2 (£, A4) this means that RHom£)(M[—l],p) = k, proving 
that Horn £>(M,p) = 0 and Ext 2 D (M,p) = 0. By BKS-duality CTheorem 12 . 0 . 1 1 ) we 


There is an equivalence of categories 
ExtJ 2 (f,-) 

E-n ZZ C n 

Torf(-,£) 
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obtain Homi)(p', M) = 0 for some other point p' determined by p (and determining 
p). Hence M &C n . 

Conversely, let M be an object of C n . Thus (using Serre duality on P^ again) 
Horn o(M,p) = Ext 2 D (M,p) = 0 for all p £ E. Now gldimD = 2 so we may com¬ 
pute dimExt^(M,p) using the Euler form (15.41) on mod(D). We obtain 
Ext^,(M,p) = k. In other words RHouid(M[— l],p) = k. 

Put M = M[— 1] <g>D £. By the category equivalence between D b (coh(Pq)) and 
Z? b (mod(.D)) we obtain RHom P 2 (M, V) = k, giving (by adjointness) 
RHom£;(Lz*A4, O p ) = k. Since E is a smooth elliptic curve it is easy to see that 
this implies that Li*A4 is a line bundle. Hence by Propositions 14.41 and 14.41 the 
same is true for M. □ 

5.4. Application. Using the material in the previous sections it is now easy to 
parametrize the line bundles on P^ with invariant one. 

Theorem 5.4.1. The representations in C\ are the representations 

ot 0 

(5.6) k ^ k ^ o 

7 0 ^ 

for some (a, /?, 7 ) £ P 2 — E 

Proof. First let F £ C\. F is given by a representation as in 15.till . Then the 
condition HoniA(p, F) = 0 for p £ E implies (a, /?, 7 ) ^ E. 

Conversely let F be as in 15.61) with (a, 0, 7 ) ^ E. Then we immediately have 
HomA(p, F) = HomA(-F,p) = 0 for p £ E. □ 

5.5. Second description of lZ n . Although the category C n has a fairly elementary 
description, it is not so easy to handle. In particular the analogy with the Weyl 
algebra case is not obvious. We will now give another description of 1Z which is 
more similar to the one used for the Weyl algebra. In particular it will follow 
that the isomorphism classes of objects in lZ n are parametrized by smooth affine 
varieties of dimension 2 n. 

In general, let Q be a quiver without oriented cycles and write Q 0 , Qi for re¬ 
spectively the set of vertices and edges of Q. Let be the standard scalar product 
on Z Qo : (a v ) v ■ (0 V ) V = Y^ v oc v 0 v - 

Let 8 £ Z^ 0 . A representation F of Q is called 9-semistable (resp. stable ) if 
8 ■ dirn F = 0 and 9 ■ dim N > 0 (resp. > 0 ) for every non-trivial subrepresentation 
N of F. 

We have Ao(modQ) = Z^°, canonically. It is a fundamental fact that F 
is semistable for some 9 if and only there exists G £ mod(Q) such that F 1 G. 
The relation between 9 and dimG is such that the forms — • 9 and v(—. dim G) are 
proportional. 

Fix a dimension vector a £ Z^° and let Rep(Q, a) be the corresponding represen¬ 
tation space, i.e. Rep(Q, a) = Tlie^ ^ a Hi ) (fc) where the maps h, t : Q\ —> Qo 
associate to an arrow its begin and end vertex. The isomorphism class of represen¬ 
tations of dimension vector a are in one-one correspondence with the orbits of the 
group Gl(a) = n t , eQ o Gl a „(&) acting on Rep(Q,a) by conjugation. 
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Associated to G £ mod(Q) there is a semi-invariant function <f>G on Rep(Q,a) 
such that the set 

(5.7) ± G = {F £ Rep(Q, a) | E T G} 

coincides with {(pc ^ 0}. In particular 15.71) is affine. 

Lemma 5.5.1. There exists V £ mod(A°) with dim P = (6,3) such that 

(1) for all M £ C n we have M° ± V where M° = Res M and 

(2) if p £ E then RHom A o(Resp, V ) ^ 0. 

Proof. (1) Pick a degree zero line bundle U on E which is not of the form 
0((o) — (3 nf)) for n £ N (where o, £ are as in Proposition l4.3ll . 

Let M £ lZ n - Then we have by adjointness RHom(Al, iM) = 
RHom e(LPM : U)- By Proposition 14.31 we have Li*M = G((o) — (3 nf)). 
We conclude by Serre duality for E that RHom(AI,**W) = 0. Now put 
M = Ext 1 (f,A4) and U' = RHom(,f, iJA). We obtain 
RHom£)(M[—1], U') = 0. 

What is U'l By adjointness we have RHom(£, iJA) = RHom E{Li*£, U). 
An easy verification shows that Li*£ = <8) ct*(£) ® ® Oe■ Thus 

by Riemann-Roch and Serre duality U' = U[— 1] where dim!/ = (6,3,0). 
Put V = Res U. Thus dimP = (6, 3). 

Replacing M with a projective resolution it is easy to see that 
RHomA(M, U) = RHohlao(-M 0 , V). It follows that HoniAo(Af 0 ,P) = 0 
and Ext^o (M°,V) = 0. 

(2) Put Q = Resp for p £ E. Then RHom A o(<5,P) = RHomA(p, U) = 
RHomA(p[— 1], U') = RHomp^z^Opf— 1], iJA) = RHom£;(Lz*LOp[— 1], U). 
Now Li*i*O p {— 1] is a nonzero complex whose homology has finite length. 
It is easy to deduce from this RHoui£(Li*z*C>p[— 1], U) ^ 0. Hence we are 
done □ 

We obtain the following consequence. 

Lemma 5.5.2. If M £ C n and M° = ResM then M° is 6-semistable for 9 = 

(-!,!)• 

Proof. This is a straightforward verification. □ 

Lemma 5.5.3. Assume that a has infinite order. Let N be a representation of A 0 
of dimension vector (n,n), n > 1. //HoniAO ( N , Resp) = HoniAo(Resp, N) = 0 for 
all p £ E then dim(Ind N) o < n — 1. 

Proof. Assume the lemma is false. Thus dim(Ind N)o > n. Then we may construct 

L 

a surjective map Ind N — > W where dirn lP = (n, n,n). We will consider W £ 

L L 

and Li*(W £)■ Note that since E is smooth, Li*(W £) is the sum of its 
homology. 

We have for p £ E: 

Ext^(Lz*(IE (gin £),O p ) = Extj .2 [W £, i*Op) 

= Ext a (W, p) 


(5.8) 
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Now a simple computation shows that %(W( p) = 0. Furthermore we have 
Hoiua(W,p) C HomA(Ind7V,p) = Hohiao (N, Resp) = 0. Finally by Serre du¬ 
ality on Pq (see Theorem 12.9.ID we have Ext^(lF,p) = HomA(f/,bF)* = 0. We 

conclude that also Ext^W^p) = 0. It follows from (15.811 that Li*(W £) = 0. 

_____ . L 

Hence by lemmas 12.8.41 and 12 . 8.21 we deduce W <g>£> £ = 0 and hence W = 0 which 
is a contradiction. □ 

We can now prove our main result. 

Theorem 5.5.4. Assume that a has infinite order. Let V £ mod(A°) be as in 
lemma \5.5. 1\ 

(1) The functors Res and Ind define inverse equivalences between C n and the 
following category 

V n = {fe mod(A°) | dimE = (n, n), F _L V, dim(IndF) 0 > n — 1} 

(2) The representations in T> n are 9-stable for 9 = (—1,1). 

Proof. Below we use often implicitly the already proved equivalence C n = lZ n 
(Theorem 15.8.1 1 . 

Step 1. Res(C n ) C V n . This follows from lemma, s f.5.1 . H and 15.5.11 

Step 2. Let F £ V n . If F' C F is such that dimE' = (to, to) then HomAo(E', V) = 
ExtXo(E',R) = HoniA o(F/F',V) = Ext^o (F/F',V) = 0. This follows easily by 
using the Euler form. 

Step 3. Let F £ V n and p £ E. Then Hom A o(E, Resp) = Hohiao (Resp, F) = 0. 
Both claims are similar so we only consider the first one. We have F IV hence F 
is 0-semistable and Resp is obviously stable. So if Houiao {F, Resp) ^ 0 then there 
is an epimorphism F —> Resp. By StepQwe obtain RHoitlao(R esp, V) = 0. But 
this contradicts the choice of V, finishing the argument. 

Step 4. lnd(T> n ) C C n . Let F £ T> n . By Step 0 and lemma 15.5.31 we obtain 
dim(IndE)o = n — 1 . 

It remains to show that for p £ E we have HomA(Ind F,p) = HoniA(p, Ind F) = 0. 
By lemma, 15.1,3l we havep = Ind Resp. Thus HomA(IndE,p) = HomA" (F, Resp) = 
0 and similarly HoniA (p, Ind F) = HoniAO (Resp, Res Ind F) = HomAo(Resp, F) = 
0 where we have used Step 01 again. 

Step 5. Ind and Res are inverses to each other. To prove this we only need to 
show IndoRes(E) = F for F £ C n . This follows from lemma 15.1.11 

Step 6. Let F £ T> n . Then F is 0-stable. Put a filtration 0 = Fo C F\ C ■ • ■ C 
F m -1 C F m = F on F such that Fi/Fi-i is 0-stable. With the same proof as StepOU 
it follows that HomAo(E ! :/E:_i, Resp) = HoniAo(Resp, Fi/Fi-i) = 0 forp £ E. As¬ 
sume dim E,-/E,_i = (). Then by lemma IB. 5. 31 we have dim(Ind(E(/Ei_i))o < 
di — 1. From the right exactness of Ind we deduce dim(IndE)o < n — m. Hence 
to = 1 and thus F is stable. □ 

Below we will define some varieties. We take the classical viewpoint. So they 
are always reduced. 
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Let V as in lemma 15.5.11 Let a = ( n,n ) and put 
D n = {F £ Rep(A°,a) | F £ V n } 

= {F £ Rcp(A°,a) | (j>v(F) ^ 0, dim(Ind F)q >n — 1}. 

It is clear that D n is a closed subset of {(j)v ^ 0} so in particular D n is affine. Put 
D n =D n // Gl(a). 

Theorem 5.5.5. The affine variety D n is smooth of dimension 2 n. The isomor¬ 
phism classes in T> n (and hence in C n and lZ n ) are in natural bijection with the 
points in D n . 

Proof. Since all representions in D n are stable by Theorem 15.5.41 all Gl(a)-orbits 
on D n are closed and so D n is really the orbit space for the Gl(a) action on D n . 
This proves that the isomorphism classes in T> n are in natural bijection with the 
points in D n . 

To prove that D n is smooth it suffices to prove that D n is smooth (this follows 
for example using the Luna slice theorem EH). 

We first estimate the dimension of D n . We write the equations of A in the usual 
form M(xyz )*. Given n x rc-matrices X, Y , Z let M(X, Y, Z) be obtained from M 
by replacing ( x,y,z ) by X,Y,Z (thus M(X,Y, Z) is a 3 n x 3?r-matrix). Then D n 
has the following alternative description: 

D n = {(A', Y, Z) £ M n (kf | (f> v (A, Y,Z)^0 and rk M(X, Y, Z)<3n-(n- 1)}. 

By H5.2I /),. is non-empty. The triples satifying (fy(X,Y, Z) ^ 0 are a dense open 
subset of M„(fc ) 3 and hence they represent a variety of dimension 3 n 2 . Impos¬ 
ing that M(X,Y, Z) should have corank > n — 1 represents (n — l ) 2 independent 
conditions. So the irreducible components of D n have dimension > 3n 2 — (n — l) 2 . 
Define C n by 

{G £ Rep(A,d) | G = IndResG, ResG £ D n } 

where a = (n, n, n — 1) (as usual we assume the points of Rep(A, a) to satisfy the 
relation imposed on A). 

To extend F £ D n to a point in C n we need to choose a basis in (IndF) 0 . 
Thus G n is a principal Gl„_i(£:) hber bundle over D n . In particular G n is smooth 
if and only D n is smooth and the irreducible components of C n have dimension 
> 3n 2 — (n— l ) 2 + (n — 1 ) 2 = 3 n 2 . Note that by the description of C n in Theorem 
15-3.11 it follows that G„ is an open subset of Rep(A, a). 

Let x £ C n . The stabilizer of x consists of scalars thus if we put G = G1 {ot)/k* 
then we have inclusions Lie(G) C T x (C n ) = T a: (Rep(A, a)). Voigt in [3SJ Ch. 
2, §3.4] has shown that there is a natural inclusion T x (Rep(A, a))/ Lie(G) 
Ext^(a;,a;) (Voigt actually obtains an isomorphism since he is not assuming his 
representation spaces to be reduced). Now x corresponds to some line bundle 
Tt on P 2 and we have Ext^(a:, a;) = Ext 1 (TL,'H). An easy computation shows 
x(H,TL) = x(a:, x) = 1 — 2 n. We have Horn (H,H) = k and by Serre duality 
Ext 2 (7G Tt) = Hom(W,H(-3)) = 0. Thus dim Ext 1 {H, H) = 2 n. 

Hence we obtain 3n 2 < dimT x (C n ) < 2n+dimG = 2n+2?r 2 + (n —l ) 2 —1 = 3n 2 . 
Thus dimT x (G n ) = 3n 2 is constant and hence C n is smooth. We also obtain 
dimD n = 3n 2 — (n — l) 2 . 
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The dimension of D n is equal to dim D n — dim Gl(a)+1 = 3n 2 —(n—l) 2 —2n 2 +l = 
2 n. This finishes the proof. □ 

5.6. Explicit construction of the elements in lZ n . For simplicity we assume 
throughout that a has infinite order. 

In the discussion below we have to compute the cohomology of a line object. 

Lemma 5.6.1. Let S = tt(A/uA) be a line object on P 2 . Let m < —1. Then 
Ff 1 (P 2 , t S(m)) = (A/Au) I m _ 2 and 7P(P 2 , S(m)) = 0 for i ^ 1. Furthermore if 

r) £ A\ then the induced linear map lf 1 (P 2 , S(m)) U 1 (P 2 , <S(m + l)) corresponds 

to ( r]■)* on ( A/Au )*. 

Proof. That 77° (P 2 , S(m)) = 0 follows by writing S as the cokernel of a map 
0(— 1) —+ O and invoking Theorem 12 . 6.21 That 77 2 (P 2 , S(m)) = 0 follows by Serre 
duality (Theorem 12. 9. 111 . 

Using Theorem 12.6.21 we find Ff 1 (P 2 , S(m)) = ker(Ext 2 (0(—m), 0(— 1)) ^ ’ U -> 
ExtUsing Serre duality ('Theorem 12 . 9. Ill this translates into 

Ff 1 (P 2 , iS(to)) = coker(Hom(0(-l),0(-m-3))* Horn (0,0(-m - 3))*). 

Dualizing yields that indeed H 1 (P 2 , S(m)) = {A/Au)*_ m _ 2 . That 77 acts in the 
indicated way follows by inspecting the appropriate commutative diagram. □ 

Corollary 5.6.2. Let S = tt(A/uA) be a line object on P 2 . Then S(— 1) corre¬ 
sponds to 5[— 1] where S is the representation of A given by 

Qr-P _ + 

(5-10) (A/Au)l k ^ 0 

(»■)* _ + 

Since line objects on P 2 are of the form tt(A/uA) they are naturally parametrized 
by points in P(Ai). 

Proposition 5.6.3. Let I be a normalized line bundle on P 2 with invariant n > 0. 
Then the set of line objects S such that Hom(I, <S(—1)) 7 ^ 0 is a curve of degree n 
in P(Ai). In particular this set is non-empty. 

Proof. Let S = 7 r(A/uA) with u = ax + (3y + 7 z. Put I = Ext 1 (£i,I), 
S = Ext 1 (f,5(—1)). Then Hom(I, <S(—1)) = HomA(I, S) = Hom^o (Ind J°, S) = 
Houlao(/ 0 , S' 0 ) where 7°, S° are the restrictions of I and S to A 0 . 

Assume that 7° is given by matrices X , Y, Z £ M n (k). Then an easy verification 
shows that HomAo(7 0 , S°) 7 ^ 0 if and only if det(aX + (3Y + 7 Z) = 0. This is a 
homogeneous equation in (a, /3, 7 ) and we have to show that it is not identically 
zero, i.e. we have to show that there is at least one S such that Hom(X, S(— 1)) = 0. 
This follows from lemma 15.6.41 below. □ 

Lemma 5.6.4. Let I be a normalized line bundle on P 2 with invariant n and let V 
be a point object on P 2 . Then, modulo zero dimensional objects, there exist at most n 
different line objects S such that Hom(I, <S(—1)) 7 ^ 0 and such that Hom(S, V) 7 ^ 0. 

Proof. We use induction on n. Writing S as the cokernel of a map 0(— 1) -*Owe 
deduce by Theorem 12 . 6.21 that Hom(C,S(—1)) = 0. So the case n = 0 is clear by 
Corollarv l3.6l Assume n > 0. Let be the different line objects (modulo 
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zero dimensional objects) satisfying Hom(X, Si(— 1)) ^ 0 and Hom^^X’) ^ 0. If 
to = 0 then we are done. So assume to > 0. Let <S,-(—1) be the kernel of a non¬ 
trivial map Si —> V. It is proved in 0 that there is some different point object V' 
such that for all i: Hom(6>i,7 :>, ) 0. Let X'(—1) be the kernel of a non-trivial map 

I —> d>i(—1). The subobjects of line objects are shifted line objects and hence the 
image of X in 5i(—1) is a shifted line object. We find by lid.II) : [X'] = [ O] — (n — b)[V] 
with b > 1. From this we deduce that the invariant of X' is < n — 1. 

Since V = i*O p for some point p £ E it follows by adjointness and by Proposition 
14.Ml that dimHom(X, V{— 1)) = 1. Hence the composition X'{— 1) —> X —► <%(—1) 
maps X'{— 1) to S'i(— 2). We claim that for i > 1 this map must be nonzero. If 
not then there is a non-trivial map X/X'(—l) —> Si{— 1) and since X/X'(—l) is also 
subobject of <Si(—1) it follows that Si and Si have a common subobject. But this 
is impossible since d>i and S t are different modulo zero dimensional objects. 

Hence Hom(X', S' (—1)) / 0 for i = 2,..., to. Since the S' are still different 
modulo zero dimensional objects, we obtain to — 1 < n — 1 and hence to. < n. □ 

The following lemma shows how to reduce the invariant of a line bundle. 

Lemma 5.6.5. Let X be a normalized line bundle on Pq with invariant n > 0 . 
Then there exists a line objects on Pq such that Ext 1 (5(1), X(—1)) ^ 0. If J = nJ 
is the middle term of a corresponding non-trivial extension and J** = nJ** then 
J** is a normalized line bundle with invariant < n — 1. Furthermore J** /X{— 1) 
is a shifted line object. 

Proof. Using Serre duality we have Ext 1 (5(l),I(—1)) = Ext 1 (X(—1),<S(—2))* = 
Ext 1 (X,5(—1))*. Also using Serre duality we deduce Ext 2 (X, S(— 1)) = 0. Then 
a simple computation using the Euler form shows that dimHom(I, S(— 1)) = 
dim Ext 1 (X, S(— 1)). Hence it follows from Proposition 15.6.41 that there exist S 
such that Ext 1 (5(l),I(—1)) ^ 0. 

Now let J = 7r J be the middle term of a non-trivial extension of X(—1) by <S(1). 
Then we have [J] = [ O] - [5] — n[P] + [5] + [P] = [O] — (n — f)[P]. 

We claim that J is torsion-free. Assume this is not the case and let J- C J be 
a maximal subobject of J of dimension <1. So T 0. Since X is torsion-free 
we have T nX(—1) = 0. So we may consider T as a subobject of 5(1). Hence we 
obtain an extention 

(5.11) 0-*X(-l)-> JfTS{l)/T 

According to lemma, HOI this extension is split. But this means that S(\)/IF is a 
subobject of JfT of dimension < 1, contradicting the maximality of T. 

It follows from [3| that GKdim J**/ J < 1. Thus J**/ J = b[V] for some b > 0 
by Proposition Id. 21 Hence [J**] = [O] — (n — 1 — b)[P]. 

Let S' = J**/X{— 1). Then by lemma, l?Pl 5' is pure and furthermore we have 
e(iS') = 1. It then follows easily using the methods of j3j that S' is a shifted line 
object. This finishes the proof. □ 

We can now prove another main result. 

Theorem 5.6.6. Let X be a normalized line bundle on Pq. Then there exists 
an to € N together with a monomorphism X(—to) O such that there exists a 
filtration of line bundles O = Afo D Mi D ■ ■ ■ D M. u = X[— to) on P 2 with the 
property that the M JJVl i+1 are shifted line objects. 
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Proof. This follows easily from the lemma ESI and Corollary EO □ 

Remark 5.6.7. There is some freedom in choosing the line objects occurring in 
Theorem 15.6.61 We may assume for example that they all map to the same point 
object. 


Appendix A. Serre duality for graded rings 

In this section we prove that (a generalization of) BKS-duality holds for graded 
rings. For the convenience of the reader we restate some definitions so that this 
appendix can be read independently of the rest of this paper. 

Let A be a fc-linear Ext finite triangulated category. By this we mean that for all 
M,Af £ A we have J2 n dim*; Horn( M, N [n]) < oo. The category A is said to satisfy 
Bondal-Kapranov-Serre (BKS) duality if there is an autoequivalence F : A —> A 
together with for all A, B £ A natural isomorphisms 

Hom(A,I3) —» Horn(B,FA)' 

(where (—)' denotes the fc-dual). 

Let C be an abelian category. An object O in D b (C) is said to have finite 
projective (injective) dimension if Ext l (0,C) = 0 (Ext l (C,0) = 0) for |i| > u for 
some u > 0. The minimal such u we call the projective (injective) dimension of O. 

In this appendix we assume that A is a connected graded noetherian ring over 
a k. By (—)' we denote the functor on graded vectorspaces which sends M to 
If we use notations which refer to the left structure of A then we adorn 
them with a superscript “o”. 

We make the following additional assumptions on A: 

(1) A satisfies \ and the functor r has finite cohomogical dimension. 

(2) A satisfies x° and the functor r° has finite cohomogical dimension. 

These conditions imply that A has a balanced dualizing complex E3 given by R = 
Rt(A)' = Rt°{A)' E2IEZ1. Below we freely use the properties of such dualizing 
complexes. 

We let D(A) be the derived category of graded right A-modules. D b (A) will be 
the full subcategory of objects in D b (A) with finitely generated homology. The cat¬ 
egory Z3 b (Tails(A)) is the full subcategory of D b (Tails(A)) consisting of complexes 
with homology in tails (A). 

We let -D b (A)f p( j (D b (A)a d) be the full category of D b (A) consisting of ob¬ 
jects of finite projective (injective) dimension. The categories Z3^(Tails(A))f p d and 
-Dj(Tails(A))fid are defined in a similar way. The fact that r has finite cohomolog- 
ical dimension implies nA(n) £ D b (Tails(A))f p( j. 

We will denote the functors I?Hom A (—, R) and fflom ^ (—, R) by D. Since they 
define a duality between Dj(A) and D b (A°) it is clear that they define a duality 
between D^(A)fid and D b {A°) f p d and between D b (A)f p< i and D b ^(A°) Ad¬ 
it is also clear that these functors induce a duality between Z?j(Tails(A)) and 
Uj-(Tails(A opp )). We denote these induced functors also by D. Again they define a 
duality between Dj(Tails(A))fi d and H^(Tails(A 0 ))f pd and between H^(Tails(A))f pd 
and Dj(Tails(A°))fid- Recall the following: 

Lemma A.l. Let V £ Uj(Tails(A))f p d. Then there exists an object P £ D b (A) f p d 
such that V is a direct summand ofnP. 
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Proof. This can be deduced from general results about compact objects in trian¬ 
gulated categories. For simplicity we give a direct proof based on a trick which the 
authors learned from Maxim Kontsevich. Take M arbitrary such that nM = V. 

Take a quasi-isomorphism Q —> M where Q is a right bounded complex of finitely 
generated projective modules. This yields a triangle: 

(t rZ)[a] —> <T>_ a 7r<2 —> V 

where Z = ker(Q_ a —+ Q- a + 1 ). This triangle corresponds to an element of 
Ext a+ 1 ('P, nZ) which must be zero for large a. Hence a> a ^Q = V ® ( 7 T 0 )[a]. 
This proves the lemma. □ 

We recall the following fact. 

L 

Proposition A.2. The functors — < 8)^4 R and R Hom 4 (R. —) induce inverse equiv¬ 
alences between D b f(A) f p d and 

Proof. If P £ Dj(A)f p d then it is quasi-isomorphic to a bounded complex of finitely 
generated projective A-modules. For such such a complex it is clear that P ®a A 
has finite injective dimension. There is a canonical map P —* AHom(A, P (814 R) 
which is an isomorphism for P = A. By induction over triangles one shows that it 
is an isomorphism for all P. 

Conversely assume / £ F> b (A) fid- Then by duality R Hom fR. /) = RHom(DI,A). 
By the above discussion DI £ D b (A°) f p d- Hence R Aom A (DI. A) £ D^(A) f p d- We 
also find R Hom A (DI. A) R = R Hom A (DI. R) = I. □ 

The functor — 0 ^ R induces a functor £> _ (Tails(A)) —► Z? _ (Tails(A)) which 
we denote by -®R. Similarly the functor RHom^A, —) induces a functor 
D + (Tails(A)) —» D + (Tails(A)) which we denote by R Hom(lZ, —). 

Proposition A.3. The functors - 0 R and WKom(lZ, —) induces inverse equiva¬ 
lences between Dj(Tails(A))f p d and D b ^ (Tails(A))ad- 

Proof. If V £ D^(Tails(A))f p d then by lemma I A. 1 1 V is direct summand of some 
7 rP with P £ Z)^(A)f p d. 

Using the proof of the previous proposition this easily implies that V 0 1Z £ 
D^(Tails(A))fid and WHom(TZ,V 0 TV) = V (essentially because we may reduce to 
V = 7 jA(n) for some n). 

Conversely assume X = 7 r/ £ _D^(Tails(A))fid- Then R7tom(R,X) = 
7 rR Hom (R, I) = tt Il \ lom ( A)/. Aj. 

We have by definition 7 tDI = Dnl , and hence 7 tDI £ D b j(A) f p d- Then it follows 
from lemma EH that 7 r DI is a direct summand of some 7 xQ with Q £ T>f(Q){ p d- 
We easily deduce from this that TrR Hom (DI, A) is a direct summand of 
7 rRHom(< 3 ,A) and hence RRo? 7 i(R,X) = nR Rom lDI . A) £ D^(Tails(A))f p d. The 
proof now continous as the proof of the previous proposition. □ 

Theorem A.4. (Serve duality) For all M £ X>j(Tails(A))f p d, M £ .Dj(Tails(A)) 
there are natural isomorphisms 

Hom(At,7V’) = Hom(7V’, FM)' 

FM = (M 0 R)[—1] 


where 

(A.l) 
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Furthermore the functor F defines an equivalence between (Tails(A))f pd and 
.D^(Tails(A))fi d . 

Proof. As in [SS] our proof of Serre duality is based on the local duality formula 
E21EZ1- The formulation of local duality in m used the functor Rt but the same 
proof works for the functor RQ where Q = u> on. Furthermore it is possible to 
throw an extra perfect complex into the bargain. If we do this we obtain canonical 
isomorphisms 

(A.2) Horn 4 (N. P {RQA)') = Horn 4 (P. RQN )' 

for N G D{A) and P G D b j(A) f pd . By adjointness Horn A (P. RQN) n = 
Homxaiis(A) (tP, nN). In addition, if we apply llA.21) with N finite dimensional 
then we find Hom dlV, P {RQA )') = 0. Thus using lemma fiOl we obtain for 
N G D b f (A): Horn 4 (IV. P ®u {RQA)') 0 = Hom Tails (^) (7rIV, 7r(P ® A {RQA)'). Now 
the standard triangle for local cohomology yields RQA = con e{RrA —► A) and thus 
{RQA)' = cone(A' —> P)[—1], Using the fact that A' is torsion we easily obtain 
from this: n{P {RQA)') = F{nP) where F is defined as in the statement of the 
theorem. So now we have shown 

(A.3) Hom Tails( 4 ) (ttZV, F{ttP)) ^ Hom Tails(A) (t tP, nN)' 

Now we obtain from lemma lA.il that Ad is a direct summand of a complex nP with 
P G D b {A) fpd . Thus {EM is true for A4 and this finishes of the the first part of 
the theorem. The last part is Proposition roi □ 

Corollary A.5. //Tails(A) has finite global dimension then D b {T&i\s{A)) satisfies 
BKS-duality. 
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